We provide examples of a large class of one dimensional higher order field theories with kink solutions which asymptotically have a power-law tail either at one end or at both ends. We provide analytic solutions for the kinks in a few cases but mostly provide implicit solutions. We also provide examples of a family of potentials with two kinks, both of which have power law tails either at both ends or at one end. In addition, we show that for kinks with a power law tail at one end or both the ends, there is no gap between the zero mode and the continuum of the corresponding stability equation. This is in contrast to the kinks with exponential tail at both the ends in which case there is always a gap between the zero mode and the continuum.
I. INTRODUCTION
with both kinks having power law tail at one end and an exponential tail at the other end?
In addition, what is the force between two kinks one of which has a power law tail at both the ends while the other kink has a power law tail at one end and an exponential tail at the other end? In fact, to the best of our knowledge, the question regarding the KK interaction between two kinks with different exponential tails has also not been satisfactorily answered in the literature.
To facilitate such studies, in this paper we obtain explicit kink solution in a φ 6 and a φ 10 scalar field theory. The stability analysis in these two cases as well as the stability analysis of several other cases studied in this paper shows that in kinks with a power law tail at either both ends or at one end, the zero mode and the continuum start at the same energy (i.e., zero), that is, there is no gap between the zero mode and the continuum. This is in contrast to kinks with exponential tails at both the ends where there is always a gap between the zero mode and the energy where continuum begins. As an illustration, in the Appendix we explicitly demonstrate this aspect in a one parameter family of potentials with an exponential tail at both the ends. Further, we construct a one parameter family of potentials which admits kink solutions having power law tail at both the ends. Unfortunately, in all these these we are only able to obtain the kink solution in an implicit form. We also construct a one parameter family of potentials having mirror kink solutions both of which have a power law tail at one end and an exponential tail at the other end.
The plan of the paper is as follows. In Sec. II we present a one parameter family of potentials of the form |a 2 − φ 2 | n+2 , n = 1, 2, 3..., all of which admit a kink solution from −a to +a with a power law tail at both the ends. While most of these kink solutions are expressed in an implicit form, for the special cases of n = 1 and n = 3 we are able to obtain kink solutions in an explicit form. The stability analysis of these kink solutions is performed in Sec. IIC where we show that there is no gap between the zero mode and the continuum.
In Sec. III we present a one parameter family of potentials of the form φ 2n+2 (a 2 − φ 2 ) 2 , n = 1, 2, 3, ..., all of which admit a kink solution from 0 to a and a mirror kink from −a to 0 (and the corresponding anti-kinks). In Sec. IV we present a one parameter family of potentials of the form φ 2n+2 (a 2 − φ 2 ) 2 (b 2 − φ 2 ) 2 with b > a and n = 1, 2, 3, ..., which admits four kink solutions. The kink solution from a to b (as well as the mirror kink from −b to −a) have an exponential tail at both the ends while the kink from 0 to a (as well as the mirror kink from −a to 0) have a power law tail at one end and an exponential tail at the other end.
In Sec. V we present a one parameter family of potentials of the form (a 2 − φ 2 ) 2n+4 (b 2 − φ 2 ) 4 , where b > a and n = 1, 2, 3, ..., which admits three kink solutions all of which have a power law tail at both the ends. In Sec. VI we discuss a one parameter family of potentials of the form (a 2 − φ 2 ) 2n+4 (b 2 − φ 2 ) 2 which admits three kink solutions. Two of these, i.e.
from a to b (and a mirror kink from −b to −a) have a power law tail at one end and an exponential tail at the other end while the kink from −a to a has a power law tail at both the ends. Finally, in Sec. VII we summarize our main results and point out some of the open problems. For completeness, in the Appendix we present a one parameter family of potentials of the form φ 2 (a 2 − φ 2n ) 2 with n = 1, 2, 3, ..., which admits two kink solutions (one from 0 to a and the mirror kink from −a to 0) both of which have an exponential tail at both the ends. For the entire family, we obtain kink solutions in an explicit form, perform the stability analysis and show that there is a gap between the zero mode and the continuum.
II. POWER-LAW TAILS AT BOTH ENDS
In this section we present a one parameter family of potentials which admit a kink solution with a power law tail at both the ends. We consider the cases of φ 4n and φ 4n+2 potentials separately.
A. φ 4n potentials
First consider the class of potentials
In these cases explicit analytic solutions are not possible and we can only find implicit kink solutions. From the latter we can obtain how a kink profile falls off as x → ±∞. We will first discuss explicitly the case n = 1 (i.e. φ 8 field theory) and n = 2 (i.e. φ 12 field theory)
and then generalize to arbitrary n.
Case I: n = 1, see [1] .
The self-dual first order equation is
On using φ = a sin y it is easy to show that its solution is
From here it is straightforward to show that
Note that φ(−x) = −φ(x).
Case II: n = 2.
Its solution is
Asymptotically, we find
General Case: Arbitrary n.
Consider the potential
On using the integral dy sec 2n+1 y, one can show that
where
Asymptotically, the leading contribution as x → ±∞ comes from the first term. We find that lim x→∞ φ(x) = a− a
It is clear that this result agrees with that for n = 1, 2. Thus as n increases, the kink-antikink interaction becomes highly nonlinear.
B. φ 4n+2 potentials
Consider now the class of potentials
We are able to find explicit analytical solution for n = 1 (i.e. φ 6 field theory) and n = 2 (i.e. φ 10 field theory) while for higher values of n we only get an implicit kink solution. But in all cases one can determine the asymptotic behavior of kink as x → ±∞.
Case I: n = 1.
Note that this potential has been considered before, with the kink's stability analysis indicating that it only has a zero mode [6] . The self-dual first order equation is
Using φ = a sin y we find its solution as
Thus,
Note that −φ(−x) = φ(x) and asymptotically
For the next order potential
the solution is given by
On squaring and using y = φ 2 /a 2 we get the cubic equation
Its solution is given by
Thus φ 2 (−x) = φ 2 (x) and asymptotically
for which, on using the integral dy sec 2n y the solution is given by
with
Asymptotically the leading contribution as x → ±∞ comes from the first term. We find
It is clear that this result agrees with that for n = 1, 2, 3. Thus as n increases, the kinkantikink interaction becomes highly nonlinear.
On combining the results for the two cases of Sec. IIA and Sec. IIB we then conclude that for potentials of the form |φ 2 − a 2 | n+2 where n = 1, 2, 3, we find that in these cases we have a kink with a power law tail varying like x −2/n as x → +∞.
C. Stability results for the φ 6 kink
Using the exact kink solution for the φ 6 kink [see Eq. (17)] and performing the stability analysis we find that the zero mode is
which is indeed nodeless. Consider the relevant Schrödinger equation
The corresponding potential V (x) is given by
This potential vanishes at x = ±∞, has minima at x = 0 with V min = −3µ 2 and has maxima at µ 2 x 2 = 1 with V = 9/4. The unusual aspect here is that since V vanishes at x = ±∞, it means that the continuum begins at the same energy as that of the zero mode [3] . This is quite different from the case of kinks with exponential tail in which there is always a gap between zero mode and the continuum. Presumably, this is a reflection of the power law tail and hence no gap.
Even for the exact φ 10 field theory kink solution, Eq. (22), we have checked that the corresponding V (x) vanishes at x = ±∞ and hence continuum begins at the same energy as that of the zero mode, i.e. ψ 0 = dφ k (x)/dx. We now show that this is in fact true in general for kinks with a power law tail. Let us consider the kink solutions discussed in this section all of which have a power law tail. For all these kink solutions we note that in the lim x → ±∞, φ k (x) → ±a, so that for all these solutions
Now the potential V (x) in the stability equation
is given by
But since all the potentials V (φ) discussed in this section (having kinks with a power law tail) are of the form
hence on differentiating twice with respect to φ, it follows that at least a factor of (a 2 − φ 2 )
will always remain in V (φ) which as we have seen above, vanishes as x → ±∞. This implies that the potential V (x) is always such that it vanishes as x → ±∞ so that for all these cases the continuum begins at ω 2 = 0, i.e. there is no gap between the zero mode and the continuum in the case of the kinks with a power law tail. This argument is rather general and goes through for any kink solution for which there is a power law tail at either both the ends or at one end.
We have checked this for all the kink solutions with a power law tail discussed in this paper and in all these cases too there is no gap between the zero mode and the continuum. In contrast, for kinks with an exponential tail at both the ends, there is always a gap between the zero mode and the continuum. As an illustration, we have demonstrated it for the kink solutions of the one parameter family of potentials of the form φ 2 (φ 2n − a 2 ) 2 where n = 1, 2, 3, ... in the Appendix.
III. POTENTIALS WITH POWER-LAW TAIL AT ONE END
In this section we present a one parameter family of potentials which admit two kink solutions, one from 0 to a and the other from −a to 0 and both the kinks have a power law tail at one end and an exponential tail at the other end, i.e. −a to 0 kink is the mirror kink of the 0 to a kink. We consider the two cases of φ 4n and φ 4n+2 potentials separately.
Consider the class of potentials
First we consider the n = 1, 2 case, which is already known in Ref.
[ [1] ], and then we generalize.
n=1
with the solution
Asymptotically,
2. n=2
3. General n
where B n = 2 + 2/3 + 2/5 + ... + 2/(2n − 1).
B. φ 4n+2 potentials
First we consider the n = 1 case, which is already known in Ref.
[ [1] ], and the n = 2 case and then we generalize.
n=1
where D n = 1 + 1/2 + 1/3 + ... + 1/n.
IV. POTENTIALS WITH TWO KINKS WITH DIFFERENT ASYMPTOTICS
We now discuss potentials admitting two pairs of mirror kink solutions, one pair of mirror kinks has a power law tail at one end and an exponential tail at the other end. The other pair of mirror kinks has an exponential tail at both the ends.
A. Model of Type I.
We first derive the kink solution for n = 1 [1] and n = 2 and then generalize to arbitrary n.
n=1
(i) For the kink solution between 0 and a, on integrating we get an implicit solution
(ii) For the kink solution between a and b
On integrating we get another implicit solution
and
with the asymptote
(ii) For the kink solution between a and b we have
which after one integration gives
. Asymptotically, we find
B. Model of Type II.
(i) For the kink between 0 to a we have
After one integration we get
Asymptotically, we find that
(ii) For the kink between a to b we obtain
n=2
After one integration we obtain the solution
(ii) For the kink between a to b we have
After one integration we obtain the solution and then asymptotically we find that
General n
On combining the results of Sec. IVA and Sec. IVB, we then conclude that for the class
, as x → −∞, the power law kink has a power law tail varying like x −1/n , n = 1, 2, 3, ... .
V. POTENTIALS WITH TWO KINKS BOTH HAVING POWER LAW TAILS
In this section we present a one parameter family of potentials admitting two kink solutions both of which have a power law tail at either of the ends. Consider the potential
We will first discuss n = 1, 2 cases and then generalize to arbitrary n.
n=1
(i) For the kink between −a to a we have
Integrating once we obtain
Remarks: (a) The behavior of −a to a kink is entirely decided by the φ/(a 2 − φ 2 ) 2 term.
(b) The behavior of a to b kink is entirely determined by the φ/(
terms. Thus, it is enough to focus on the coefficient of these terms.
n=2
for p < 3. Asymptotically, we find that
General case (n odd)
For the kink between −a to a we have
where p < n + 1. Asymptotically, we find that
General case (n even)
VI. POTENTIALS WITH TWO KINKS, ONE WITH POWER LAW TAIL AT BOTH ENDS, THE OTHER WITH POWER LAW TAIL AT ONE END
n=1
.
(139)
n=2
Remarks: (a) The asymptotic behavior of −a to a kink is entirely decided by the leading
The asymptotic behavior of a to b kink as x → −∞ is also entirely decided by φ/(a 2 − φ 2 ) n term. The behavior of x → ∞ term is always of the form b − 2bf (a, b)e µx .
3. General n case (i) For the kink between −a to a we have
Remark: Note for n = 1, 2 we have provided explicit expressions for f (a, b) and g(a, b).
For other values of n too they can be explicitly obtained in principle, however, the algebra becomes rather lengthy.
VII. CONCLUSION
In this paper we have presented a large variety of potentials which admit kink solutions with a power law tail. For example, we have presented a one parameter family of potentials all of which admit a kink solution which has a power law tail at both the ends (i.e. as x → ±∞). Besides, we have presented several different classes of models which simultaneously admit two kink solutions where either both of them have a power law tail at both the ends, or both of them have a power law tail at one end and the exponential tail at the other end, or one kink has a power law tail at both the ends while the other kink has a power law tail at one end and an exponential tail at the other end. Finally, we have also discussed a one parameter family of models which admits two kink solutions, one of which has a power law tail at one end and an exponential tail at the other end while the other kink has an exponential tail at both the ends. For completeness, in the Appendix we have presented a one parameter family of potentials which admits two kink solutions both of which have an exponential tail at both the ends.
While the majority of the kink solutions we obtained are in an implicit form, for a specific form of φ 6 and φ 10 models [1, 6] we have obtained the kink solutions in an explicit form and shown that these kink solutions have a power law tail at both the ends. We have performed the stability analysis of these models and remarkably we find that in these models the continuum and the zero mode begin at the same point, i.e. there is no gap in these models.
We have also examined the stability analysis of several other cases with a power law tail studied in this paper and in all these cases too one finds that there is no gap between the zero mode and the continuum. This is in contrast to the models which admit kink solutions with an exponential tail at both the ends. In particular, in the Appendix we have carried out the stability analysis for the kink solutions which have an exponential tail at both the ends and shown that in these cases there is a finite gap between the zero mode and where the continuum begins. We surmise that all kinks with a power law tail either at both the ends or at one end will have no gap between the zero mode and the continuum.
Our study provides a recipe for constructing models admitting an admixture of several kink solutions with power law or/and exponential tails at both the ends or even a power law tail at one end and an exponential tail at the other end. For example, suppose we want to construct a potential admitting three kink solutions, one having a power law tail at both the ends, the second one has a power law tail at one end and an exponential tail at the other end while the third has an exponential tail at both the ends. One can show that the potential
where n = 1, 2, 3... while a < b < c, admits precisely three such kink solutions. In fact the recipe is clear. If one wants kink solutions with a power law tail then one should have terms in the potential of the form φ 2n or (φ 2 − a 2 ) 2n with n ≥ 2. On the other hand a term of the form φ 2 or (φ 2 − a 2 ) 2 ensures kink solutions with an exponential tail.
Finally, our results provide insight into domain wall properties in high energy physics [3] condensed matter physics [14] [15] [16] as well as in biology [17] and cosmology [18] . However,
there are several open questions which need to be carefully investigated. Some of these are as follows, which we hope to address in the near future.
1. The first question is about the kink-kink force in case there are two mirror kinks each of which has a power law tail at one end and an exponential tail at the other end.
2. The next obvious question is about the kink-kink force in case either both the kinks have a power law tail at both the ends, or if only one kink has a power law tail at both the ends while the other kink has a power law tail at one end and an exponential tail at the other.
3. One should also examine the force between a kink with an exponential tail at both the ends and the other kink having a power law tail at either one end or both the ends.
4. It would be desirable if one can rigorously prove (or disprove) our assertion that for kinks with a power law tail at one or both the ends, there is no gap between the zero mode and the continuum of the corresponding stability equation. Presumably, discovering few more models with explicit kink solutions with a power law tail could bolster this finding.
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APPENDIX: POTENTIALS WITH EXPONENTIAL TAIL AT BOTH ENDS
For completeness, we now discuss a one parameter family of potentials which admit two kink solutions each of which has an exponential tail at both the ends [5] . Let us consider the family of potentials
Note that for n = 1 the existence of such kink solutions is well known [19, 20] . The self-dual equation is dφ dx = ±λφ(a 2 − φ 2n ) .
It is easily shown that this equation admits two kink (and two antikink) solutions, one from 0 to a and a mirror kink from −a to 0. The kink solution from 0 to a is φ(x) = [A(1 + tanh βx)] 1/2n ,
where A = a 2 /2 while β = nλa 2 .
For the 0 to a kink we find lim x→−∞ φ(x) = a 1/n e µx/2n , lim x→∞ φ(x) = a 1/n − a 1/n 4n e −µx , µ = 2nλa 2 .
The stability analysis is easily performed. The corresponding zero mode is
which is clearly nodeless. The kink potential is also easily calculated
[9(8n 2 + 6n + 1)sech 2 βx + (8n 2 − 2) tanh βx + (8n 2 + 2)] .
Note that
Thus unlike the potentials with a power law tail, there is a gap in this case.
